A canonical framework for chiral two-level systems coupled to a bath of harmonic oscillators is developed to extract, from a stochastic dynamics, the thermodynamic equilibrium values of both the population difference and coherences. The incoherent and coherent tunneling regimes are analyzed for an Ohmic environment in terms of a critical temperature defined by the maximum of the heat capacity. The corresponding numerical results issued from solving a non-linear coupled system are fitted to approximate path-integral analytical expressions beyond the so-called non-interacting blip approximation in order to determine the different time scales governing both regimes.
I. INTRODUCTION
The description of many phenomena in terms of a two level system (TLS) can be found in different areas of chemical physics (chiral molecules [1] [2] [3] [4] , electron transfer reactions [5, 6] ), quantum optics [7] , high energy physics [8] [9] [10] and quantum computation [11] , among many others fields of research. However, the isolated TLS is not complex enough to provide a richer and more complete image of the basic microscopic processes underlying its dynamics. For example, very often the system is coupled to a more extended system or environment consisting of many degrees of freedom usually represented by an infinite set of harmonic oscillators. Thus, several extensions of the isolated TLS have been taken into account along the years to account properly for dissipative and stochastic processes due to interactions with an environment at finite temperature. In general, the TLS is linearly coupled to the coordinates of a bath of noninteracting oscillators, whose properties are encoded in their spectral density [12] (the spin-boson model). Several approaches within the matrix density formalism have been proposed and implemented to determine the time evolution of the dissipative TLS such as path-integral methods or the Bloch-Redfield formalism [13] [14] [15] [16] [17] [18] [19] . In the pathintegral formalism, the so-called non-interacting blip approximation (NIBA) breaks down for non-zero bias and low temperatures even for weak damping, and a theory beyond the NIBA for a biased system has been developed [5] . Variational calculations have also been carried out for both the symmetric (or unbiased) [20] and asymmetric (or biased) cases [21] . Alternatively, following an approach to the dynamics of the TLS due to Feynman in his elegant dynamical theory of the Josephson effect [22] , it was shown that classical and quantum mechanics may be embedded in the same Hamiltonian formulation by using complex canonical coordinates [23, 24] . In particular, for electronically non-adiabatic processes, Meyer and Miller [25] (following some earlier work by McCurdy and Miller [26] ) shown the possibility of representing each electronic state by a pair of classical action-angle variables. However, instead of these variables, cartesian electronic variables have been extensively used because of the simpler algebraic form of the Hamiltonian. This approach and some of its extensions have been employed by several groups (for a complete list of references on the development and applications of this method, see [27] and references therein). Furthermore, by using the action-angle variables, this formalism has also been recently implemented to study the dissipative dynamics (zero temperature) of chiral molecules. In this case, the asymmetry of the assumed double well potential model is due to the parity violating energy difference [28] [29] [30] . A natural extension of this dynamics is to include the temperature effect along with a noise term.
In this spirit, this is the first of a series of upcoming articles in which we describe, implement and apply a Langevin canonical approach to the dynamics of the chiral TLS interacting with an environment at finite temperatures. Section II is devoted to introduce the canonical formalism for an isolated chiral TLS, as well as its usual connection with the density matrix approach and the corresponding thermodynamics. Finite temperature effects are included by means of noise-induced dynamics via a Caldeira-Leggett-like Hamiltonian. Numerical simulations of this stochastic approach are presented and discussed in Section III, where population differences (which are proportional, for example, to the optical activity in chiral systems [3, 4] ) as well as coherences are issued by assuming an Ohmic regime in a broad range of temperatures. In particular, the competition between the tunneling and the asymmetry or bias displayed by the TLS is analyzed in terms of a critical temperature which is defined by the maximum of the heat capacity and separates the coherent and incoherent tunneling regimes. In all cases, these two regimes are discussed in the framework of a theory beyond the NIBA, path-integral analytical expressions in order to validate this stochastic dynamics. Even more, the corresponding thermodynamic functions are obtained from this stochastic analysis at asymptotic times where the thermal equilibrium is reached. Finally, Section IV presents the main conclusions and future perspectives of the formalism here employed.
II. THEORY
A. A canonical formalism for chiral two level systems
Let us consider an isolated chiral TLS described by the HamiltonianĤ = δσ x + ǫσ z where σ x,z stand for the Pauli matrices. The isolated system is usually modelled in a phenomenological way by a two-well (asymmetric) potential within the Born-Oppenheimer approximation. From the knowledge of the eigenstates, |1 , |2 , the left and right states (or chiral states), |L and |R , respectively, can be expressed by means of a rotation of angle θ given by tan 2θ = δ/ǫ, where L|Ĥ|R = −δ (with δ > 0) describes the tunneling rate and 2ǫ = L|Ĥ|L − R|Ĥ|R (ǫ can be positive or negative) accounts for the asymmetry due to the electroweak parity violation (for a chiral system) or any other bias term (for example, a magnetic field).
Among other interesting representations of the isolated system [31] , an alternative and useful way of looking at it is based on the polar decomposition of the complex amplitudes entering the wave function. The solutions of the time-dependent Schödinger equation (h = 1)
can be written as |Ψ(t) = a L (t)|L + a R (t)|R . If the complex amplitudes are written in polar form as a L,R (t) = |a L,R (t)|e iΦL,R(t) , and the population and phase differences between chiral states are defined as
, respectively, it is an easy exercise to prove that the average energy in the normalized |Ψ(t) state is given by Ψ|Ĥ|Ψ = −2δ √ 1 − z 2 cos Φ + 2ǫz ≡ H 0 , where H 0 represents a Hamiltonian function. As z and Φ can be seen as a pair of canonically conjugate variables, the Heisenberg equations of motion (which are formally identical to the Hamilton equations) are easily derived froṁ z = −∂H 0 /∂Φ andΦ = ∂H 0 /∂z. Explicitly, the nonlinear coupled equations describing the isolated system in these canonical variables arė
Thus, Eqs. (2) are totally equivalent to the usual time -dependent Schrödinger equation (1) . In fact, the exact quantum beating expression can be obtained by noting that H 0 is a conserved magnitude [28] . For simplicity, the adimensional time t → 2δ t will be used in the rest of this work. This re-scaling implies that the Hamiltonian function H 0 is expressed again as
Notice that the first term of the Hamiltonian function (3) accounts for the tunneling process and the second one for the underlying asymmetry (due to a bias or the parityviolating energy difference) putting on evidence the two competing processes in this simple dynamics. Finally, the connection between the canonical and the density matrix formalism can be established as follows. Letρ be the density matrix for the TLS, whose matrix elements are given by
On the other hand, from Ψ(t)|Ĥ|Ψ(t) = Tr(ρĤ) = H 0 , one obtains that the time average values of the Pauli operators are given by
which is consistent with Ĥ = δ σ x + ǫ σ z and
The time population difference can also be split into two components which are symmetric and antisymmetric under the inversion operation consisting of replacing ǫ by −ǫ.
B. Stochastic dynamics of chiral systems
The dynamics of the isolated chiral TLS can be reduced to simply solve Eqs. (2) and then form appropriate combinations of z and Φ to recover the populations and coherences. When dealing with interactions with the environment consisting of a high number of degrees of freedom, more sophisticated theoretical approaches are needed. They can be widely classified into three frameworks according to the picture of quantum mechanics used [5, 32] : the density operator formalism and the stochastic Schrödinger equation (Schrödinger and interaction picture), and the generalized Langevin equation (Heisenberg picture). Due to the fact the formalism used here to describe the dynamics of a TLS is very much attached to the definition of a Hamiltonian function (3), the last framework is much more convenient, apart from being much less employed in the theory of open quantum systems. Within this canonical formalism, a CaldeiraLeggett-like Hamiltonian, [12] where a bilinear coupling between the TLS and the environment is assumed, is usually found in the literature. In particular, we have recently developed this formalism to study the dissipative dynamics of chiral systems [28] [29] [30] .
As previously stated [28] , noting that Φ and z play the role of a generalized coordinate and momentum, respectively, one can introduce interactions with the environment by means of a system-bath bilinear coupling via a Caldeira-Leggett-like Hamiltonian expressed as
where the sums run over the coordinates of the bath oscillators {p i , x i } and Λ i , c i and ω i are suitable dimensionless constants representing generalized masses, couplings with the environment, and oscillator frequencies, respectively. Although the requirement of a bilinear coupling has been relaxed in a previous publication [30] , it will be retained here for simplicity. It should also be noticed that the usual spin-boson Hamiltonian has been implemented in the Meyer-MillerStock-Thoss representation by coupling the bath position coordinate with the population difference of the TLS (see Eq. (2.11) of [33] ). On the contrary, in the approach here employed, it is the phase difference of the TLS the canonical variable which is coupled to the bath position coordinate, not the population difference. It follows quite closely that employed in the field of condensed matter, the dynamics of a Josephson junction [5] . This phase difference is coupled to the degrees of freedom of the bath which also acts as a source of phase fluctuations.
Within this scheme, the corresponding coupled Langevin-type dynamical equations are given bẏ
where the time-dependent friction (damping kernel) is expressed as
and the fluctuation force or noise is given by
which depends on the initial conditions of both the system and the bath. Taking the bath oscillators as classical variables (classical noise), moderate-to-high temperature regimes are expected to be properly described by this approach, as will be discussed through the rest of the manuscript. If a Markovian regime is assumed, the standard properties of the fluctuation force (Gaussian white noise) are given by the following canonical thermal averages:
Boltzmann's constant. The friction is then described by γ(t) = 2γδ(t), where γ is a constant and δ(t) is Dirac's δ-function (not to be confused with the δ-parameter describing the tunneling rate). Thus, in this regime, Eqs. (7) read noẇ
The corresponding solutions provide stochastic trajectories for the population and phase differences encoding all the information on the dynamics of the non-isolated TLS. These solutions are dependent on the four dimensional parameter space (ǫ, δ, γ, T ), apart from the initial conditions z(0) = z 0 and Φ(0) = Φ 0 . In terms of the averages of Pauli operators, we have now the condition
instead of condition (5). The use of classical noise imposes some restrictions on the range of temperatures where this approach remains valid. At high temperatures, β −1 ≫hγ (or γ −1 ≫hβ) thermal effects are going to be predominant over quantum effects which become relevant, in general, at times of the order of or less thanhβ, sometimes also called thermal time. However, in general, at very low temperatures, β −1 ≪hγ (or γ −1 ≪hβ) the noise is colored and its correlation function is complex and our approach is no longer valid. The dissipative dynamics in the classical noise regime is obtained at zero noise or zero temperature [34] . This regime has already been considered elsewhere [30] .
Canonical thermal averages of population and phase differences as a function of time z(t) β and Φ(t) β are issued from running a high number of stochastic trajectories. The role of initial conditions has been extensively discussed in the literature (see, for example, [5, 32] ) and we are not going to deal with this important issue. In our dynamical study, the system will be prepared in one of the chiral states, left or right (z 0 = 0.999 or −0.999 in order to avoid initial singularities), and the initial phase difference Φ 0 will be uniformly distributed around the interval [−2π, 2π]. This approach should recover the main equilibrium thermodynamics properties of the nonisolated TLS from the stochastic dynamics at asymptotic times.
C. Thermodynamics of chiral two-level systems
A detailed analysis of the thermodynamics of noninteracting chiral molecules assuming a canonical distribution was carried out elsewhere [35] . In particular, thermal averages of pseudoscalar operators were extensively analyzed. The canonical thermal average of (3) and Z is the partition function. For chiral states, Z = 2 cosh(β∆) with ∆ = √ δ 2 + ǫ 2 and the corresponding averages for the population difference and coherences (in the L-R basis) are then calculated to give
From the knowledge of the partition function, the remaining equilibrium thermodynamical functions are also easily deduced such as the Helmholtz free energy, the entropy, the heat capacity, etc. From such an analysis, a critical temperature given by [35] 
is derived when z β displays an inflection point and the heat capacity a maximum as a function of the temperature. At temperatures higher than T c , the effect of ǫ is masked by thermal effects which tend to wash out the population difference z (racemization). At temperatures lower than T c , the value of the ratio ǫ/δ is critical. When this ratio is close to unity, z β is determined by the competition between tunneling and asymmetry or bias.
When it is much greater than one, the tunneling process plays a minor role and z β keeps more or less its initial value. Finally, when this ratio is much less than one, the racemization is always present. In a previous work [36] , it was showed that at very low temperatures, a chiral or two level bosonic system could display condensation as well as a discontinuity in the heat capacity (reduced temperatures k B T /∆ ≤ 1). In this work, we are going to assume that in this temperature regime the Maxwell-Boltzman (canonical) distribution still applies, instead of the Bose-Einstein statistics, in order to know if the thermodynamics can also be reached within this formalism with a classical noise. Otherwise, a colored noise and a generalized Langevin equation formalism should be applied.
Finally, it is worth stressing that the thermodynamic functions are independent on the friction coefficient in the weak coupling limit. Thus, our average values of population differences issued from this stochastic dynamics are independent on the friction coefficient as time goes to infinity, that is, when the thermal equilibrium with the bath is reached. In the strong coupling limit, this fact no longer holds [37] .
III. RESULTS

A. Numerical details
The general strategy consist of solving the pair of nonlinear coupled equations (10) for the canonical variables under the action of a Gaussian white noise, which is implemented by using an Ermak-like approach [38, 39] . Notice that in the Langevin-like coupled equations to be solved, the noise term only appears in the equation of motion of the z-variable. The phase variable has been taken to be uniformly distributed between −2π and 2π. In order to avoid the singular behavior found at z → ±1, the initial value for z will be chosen to be around ±0.999, very far from the equilibrium condition. Moreover, when running trajectories there are some of them visiting "unphysical" regions, that is, |z| > 1. This drawback is mainly associated with the intensity of the noise since, for large values of it (which depends on both the temperature and the friction coefficient), the stochastic ztrajectories can become unbounded. To overcome this problem, we have implemented a reflecting condition such that, for instance, when the trajectory reaches z > 1, we change its value to 2 − z. The time step used goes from 10 −6 to 10 −4 (dimensionless units) depending strongly on the regime to be explored in order to follow properly the corresponding dynamics: high or moderate temperature regimes and localized or delocalized regimes. As noted in [28] , unstable trajectories can also be found for certain values of ǫ, δ and γ in the simple case of dissipative but non-noisy dynamics. As this problem persists in case of dealing with stochastic trajectories, not every triple (ǫ, δ, γ) gives place to a stable trajectory. In these cases, the time evolution of individual trajectories is not possible and a previous stability analysis is mandatory. However, in the stable case, a satisfactory description of population differences and coherences has been achieved by running up to 10 4 trajectories in all cases considered.
B. Population differences and coherences
In this subsection, thermal effects both in the population difference and coherences will be studied, extending previous results in which only dissipative dynamics (that is, at zero temperature) was considered [30] . Specifically, we will focus on the role of the critical temperature such that, roughly speaking, separates coherent from incoherent tunneling. Regarding the internal dynamics of the TLS, we start analyzing the delocalized regime where δ > ǫ. In particular, we have taken δ = 1 and ǫ = 0.5. Given these values, the critical temperature is T c ∼ 1 in units of ∆. Thus, to study its effects in the dynamics, temperatures ranging from 200 to 0.4 (in units of ∆) have been considered. As the friction has been taken to be a constant value, γ = 0.1, both moderate and high temperature regimes (k B T ∼hγ and k B T ≫hγ, respectively) are covered. The propagation time step has been taken to be between 10 −6 (high temperatures) and 10
(moderate temperatures). Trajectory averages (black dashed curves) of the population differences, z(t) β , are plotted in Fig. (1) for the range of temperatures previously given above. Left panels (a, c and e) show calculations for T = 200, 20 and 2, respectively. Right panels (b, d and f ) show the calculations for T = 40, 4 and 0.4. The system reaches the thermal equilibrium value, given by the first expression of Eq. (12), at asymptotic times, which is plotted by a dotted line in all the panels. Thus, as expected, more time is needed to reach the thermodynamic equilibrium at lower temperatures since the coherent tunneling (the oscillation regime between the two states) is dominating the dynamics. The incoherent tunneling which prevails at the two highest temperatures analyzed (panels a and b) leads to racemization very rapidly. When the tem- perature approaches the critical temperature, T c , (panels d and e) the competition between the thermal and the internal energy scale of the TLS (roughly given by k B T andh∆, respectively) gives place to the appearance of the oscillating profile, fingerprint of coherent tunneling. When the temperature is again lowered (panel f), the tunneling process dominates the dynamics (remember that δ/ǫ > 1), and more pronounced oscillations become more persistent in time. Thus, for a fixed value of the friction coefficient, the critical temperature roughly defines the coherent-incoherent transition. In order to extract more physical information from our approach, these stochastic calculations are fitted to analytical expressions describing both coherent and incoherent tunneling. In the weak Ohmic damping limit and moderate-to-high temperature regime the path-integral results (beyond the NIBA framework) show a dependence on time according to [5] 
for the incoherent regime and
for the coherent regime.
In these two equations, γ 2 , a 1 , a 2 , γ 1 , γ, Ω are considered as free parameters and z β is given by the first expression of Eq. (12) . Notice the fairly good fittings of the average of the stochastic ztrajectories to Eqs. (14) and (15) (displayed by dashed red lines) for all panels of Fig. 1 . Ω can be interpreted as the oscillation frequency of an effective damped harmonic oscillator (Rabi-type) and γ 1 , γ 2 and γ the different relaxation rates in this very involved dynamics. In particular, γ 2 gives the effective decay rate for the incoherent tunneling and γ 1 and γ two effective decays for the coherent tunneling with different weights. In other words, for this last regime, Ω and γ give us globally the two different time scales observed in this stochastic dynamics since γ 1 gives the incoherent contribution in this coherent regime. All of these parameters are related by quite cumbersome expressions according to the path-integral method. The quality of the fitting should be related to the right behavior underlying by the stochastic trajectories. Table I . Numerical fitting of the average of stochastic trajectories corresponding to population differences and coherences (Eqs. (15) and (16) by Φ(t) β , we have calculated the thermal average value of σ x (t) β issued from our stochastic trajectory analysis from the second expression of Eq. (4). These values are plotted in Fig. 2 for the same temperature values as reported in Fig. 1 (the same temperature value is assigned to each panel). Thus, we are considering σ x (t) = − √ 1 − z 2 cos Φ and the stochastic behavior on time is given by the black dashed curves, as before. Similar comments with respect to the incoherent and coherent regimes are also applicable here. Even more, in the weak Ohmic damping limit and moderate-to-high temperature regime our stochastic values are again fitted to the corresponding expression provided by the pathintegral method according to [5] 
where b 1 , b 2 are again taken as free parameters and σ x β is given by the second expression of Eqs. (12) . As before, the same interpretations of Ω, γ 1 and γ are pertinent. The consistency of the fittings in Figs. 1 and 2 is supported by the obtention of identical numerical values for those parameters which are common to both expressions in Eqs. (15) and (16) . This is illustrated in Table I for only two temperatures, T = 4 and T = 40. The different time scales clearly manifest in such a table.
C. Thermodynamics from stochastic dynamics
Finally, it should be noticed that the formalism here presented describes rather accurately the time dependence of both the population differences and coherences, being an alternative way to solve the time-dependent Schrödinger equation. It is also worth noting the capabilities of this approach to describe properly equilibrium thermodynamics in a large interval of temperatures, ranging from moderate to high ones. In the very lowtemperature regime, where k B T ≪hγ, quantum noise effects are expected to occur. In this regime, the non- commutativity of the canonical variables describing the bath, [x i , p i ] = 0, would lead to [ξ(t), ξ(t ′ )] = 0. Thus, within this range of temperatures, the approximation here employed should break up. However, in our study, we have assumed that the thermodynamical behavior at low temperatures is also described by a canonical distribution and correct values should also be obtained under this assumption.
Having in mind this limitation, we note that classical noise effects properly describe the region where both thermal and internal effects driving the dynamics of the TLS take place (in particular, for temperatures close to T c ). In addition, the effects of the delocalization/localization (given by the ratio between δ and ǫ) are correctly taken into account, as can be seen in Figs. 3 and 4. In these two figures, the thermodynamical functions given by Eqs. (12) are plotted (solid lines) for the two main regimes studied: ǫ > δ (Fig. 3) , and ǫ < δ (Fig. 4) . Similar results have also been obtained for the regime ǫ ∼ δ. The black points in both sets of figures are the time asymptotic values issued from the stochastic dynamics. As can be seen, the agreement is fairly good at all temperatures studied. Thus, we can conclude that both the localized and delocalized regimes are correctly described by the approach here presented. Clearly, the thermodynamical behavior is independent on the friction value chosen. 
IV. CONCLUSION
In this work, a Langevin canonical approach has been developed to study the thermodynamics of chiral twolevel systems interacting with a thermal bath. Thermal effects due to a noisy environment, modelled as a collection of classical harmonic oscillators coupled linearly with the system via a Caldeira-Leggett-like Hamiltonian have been taken into account. The canonical variables have been related to both the population differences and coherences of the system, showing that complete information about the dynamics can be encoded in them. The competing localization/delocalization process which is governed by the tunneling and the asymmetry of the TLS has been analyzed in terms of the critical temperature for an Ohmic environment. In particular, we have shown that this critical temperature separates the incoherent and coherent tunneling regimes. A high number of stochastic trajectories have been carried out in order to provide time-dependent canonical thermal averages of the population differences and coherences, showing that the implementation of the noise term in the dynamics is properly accounted for. This approach has allowed us to follow the evolution of the system towards the thermodynamic equilibrium with fairly good accuracy. Moreover, these stochastic results have been fitted to analytical expressions beyond the NIBA to extract more physical information of the parameters ruling this dynamics such as global damping coefficients as well as Rabi-type frequencies. The regime of very low temperatures (much smaller than the critical temperature) which requires a generalized Langevin equation is not considered.
As has been recently reported by Miller [40] , an important topic in particle dynamics is to ascertain the origin of coherence, classical or quantum, caused by interference of probability amplitudes. One of the concluding remarks was that sometimes whether coherence is quantum or classical depends on what is being observed. When speaking about observation, one has to think in terms of a measurement apparatus. It is well know that an environment can be seen as this apparatus [5] . When interacting with the system, it displays decoherence. In our case, the system always displays tunneling (a typical quantum feature) but the environment which has been considered to be classical leads to decoherence. However, coherence at short times is still observed when the temperature and the friction are small. Thus, in this context, we deal with the classical observation of quantum coherence which is destroyed at asymptotic times.
An extension of this work including correlation functions and more thermodynamics functions such as heat capacity and entropy as well as the introduction of a magnetic field is currently in progress.
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